Abstract-The echo signal of wide-band monopulse radar spreads in multiple range cells. Thus, effective utilization of echo signal is an important issue for this kind of radar. Based on parameter estimation model, maximum likelihood method is proposed in this paper, which collects all the energy spreading in multiple range cells. Cramer-Rao low bound of angle estimation is deduced in theory. Simulation results demonstrate maximum likelihood method which performs better than both dominant scatter estimate method and weighted estimate method.
INTRODUCTION
Monopulse is a simultaneous lobbing technique for precisely determining the angle of arrival of echo signal, which is adopted for narrow-band radars. Under the condition that there is only a single point target in a given range cell, estimation of the direction of arrival (DOA) of target is easy to be understood [1] [2] [3] . Maximum likelihood solution for the angle estimation is obtainable [4] by monopulse complex ratio, and its accuracy is close to Cramer-Rao Low bound (CRLB) asymptotically under the circumstance of moderate or high signal-to-noise ratio (SNR). Several efficient approaches to extraction from standard monopulse signals and the angles of unresolved targets have been proposed [5] [6] [7] . Wang et al. [8] discussed DOA estimation of two unresolved Rayleigh targets based on monopulse measurements and presented maximum likelihood solution in that scenario.
Nowadays, wide-band radars are more and more prevalent. Range cell of a wide-band radar is much smaller than conventional narrow-band radars. Thus, single point target model is not suitable for description of echo signal of wide-band radars any more. In other words, the target echo may occupy multiple range cells, commonly. Howard [9] reported the experiment result of a high range resolution monopulse tracking radar and drew a conclusion that detailed information of target and reduction of angle scintillation can be provided by high range resolution monopulse tracking radar. Due to the high range resolution of wide-band radar, echo form target always spreads into multiple range cells. Therefore, the challenge of angle estimation for wide-band monopulse radar lies in how to accumulate energy of target echo form high resolution range profiles (HRRP). Zhang et al. [10] proposed a estimation method for linear frequency modulated (LFM) radar, in which angle estimation is translated to estimate the frequency of cross-correlation function (CCF). The frequency of the main spectral line can be estimated by fast Fourier transform (FFT) or other frequency estimation methods. However, CCF method is not suitable for other types of wide-band modulated signal. Chen [11] proposed a signal model for wideband resolution monopulse radar, and the maximum likelihood angle estimation method is proposed based on numerical solution for nonlinear equations with iterative algorithm, which consumes many computational resources.
In this paper, with series of mathematical derivations, we find that close-form maximum likelihood method of angle estimation for wide-band monopulse radar does exist, regardless of wide-band modulation method. CRLB of angle estimation is deduced, which reveals that collecting all of energy spreading in multiple range cells could get better angle estimation result.
The remaining of this paper is organized as follows. Problem description and signal model of monopulse angle estimation are presented in Section 2. The proposed maximum likelihood method and CRLB of angle estimation are introduced in Section 3 and Section 4, respectively. In Section 5, we present the comparison of angle estimation results calculated by proposed method and other estimation methods. Finally, we give some conclusions in the last section.
PROBLEM DESCRIPTION AND SIGNAL MODEL

Monopulse Phase Comparisons Angle Estimation
Before we introduce the proposed method, the principle of classical monopulse angle estimation is discussed briefly in this section. Fig. 1 depicts the receiver configuration of monopulse angle estimate radar. The phase centers of two identical antennas are located in the system with baseline d. Radio frequency(RF) signals from two antennas feed into a Σ-Δ network. Signals in Σ-channel and Δ-channel are down-converted by stabilized local oscillator (STALO) in radar receiver, and HRRP Σ and HRRP Δ are generated by matched filter respectively. Two antennas, with separate phase centers, have identical far-field distributions F (θ). Theirs axes are parallel to each other, and it is also the axis of the whole radar system. Assume that the target echo signal comes from angle θ, which means angle error to antennas system axis. Then output of complex amplitude in Σ-channel and Δ-channel can be described as
where λ is the carrier wavelength. Eq. (1) and Eq. (2) are also entitled as Σ-beam and Δ-beam, respectively, for the whole antenna system. Σ-beam and Δ-beam are displayed in Fig. 2 . The complex amplitude ratio between Σ-beam and Δ-beam is
where jf (θ) denotes the complex amplitude ratio. The approximation in Eq. (3) depends on the prerequisite that θ is much less than λ/πd. Calibration between amplitude ratio and θ by measurement is usually employed in practice, which is named as angle estimation S-curve. According to S-cure, angle estimation can be obtained from complex amplitude ratio between Σ-channel and Δ-channel.
Signal Model of Angle Estimation in Wideband Monopulse Radar
Wide-band radar transmits wide-band waveforms, such as direct short pulse [9, 12] , phase coding pulse, and linear frequency modulation (LFM) pulse. For all kinds of wide-band waveforms, HRRP can be obtained by matched filter, in other words, pulse compress. Without loss of generality, direct short pulse is used as an example to deduce the algorithm in this paper. Consider a range extending target spreading its echo in N range cells, which has a different amplitude and phase in each range cell. It is located in the far-field of radar system, so that the angular glint from different scatter centers is negligible. Assuming that target is located in angle θ according to radar axis, consequently signals in Σ-channel and Δ-channel can be written as
where n denotes the range cells index number, n = 0, 1, 2, . . . , N − 1. s(n) is the HRRP of target. w 1 (n) and w 2 (n) are receiver noises in Σ-channel and Δ-channel. We assume that w 1 (n) and w 2 (n) are zero-means complex white Gaussian random processes, correspondingly
, which are also independent from each other in different range cells. In order to be concise, Eq. (4) is rewritten in a vector form
where x Σ , x Δ and s are Σ-channel vector, Δ-channel vector and HRRP of target vector. w 1 and w 2 are noise vectors in Σ-channel and Δ-channel, respectively. The ultimate goal of angle estimation is to use the measured data, namely x Σ and x Δ , to calculate angle of target, that is θ. Dominant scatter method is very easy to implement, as to range extending target, which can be expressed by the formula:
It is obvious that the echo energy of scatter is unusable except the dominant scatter. Weighted method is also used:θ
in which K denotes the number of scatter centers that can be found by the target detection algorithm, and θ k can be calculated by Eq. (6) with the range cell index correspondingly. ω k represents the weights of each scatter center. Conventionally, equivalent weights are easy to implement for the real world applications.
MAXIMUM LIKELIHOOD ESTIMATION
In order to obtain the theoretical derivation of maximum likelihood estimation, parameter transform is employed:
where the parameter α is a real number. The likelihood functions of Σ-channel and Δ-channel can be expressed as follow:
where () H denotes the conjugate transpose operator. Then log-likelihood function of all data vectors can be written as
We further examine the partial derivatives of Eq. (10) and obtain the equations for α and s
where () * means conjugate operator. The solution of Eq. (11) and Eq. (12) is maximum likelihood estimation of α. Consequently, maximum likelihood estimation of θ can be expressed aŝ
The details can be found in Appendix A.
CRAMER-RAO LOW BOUND
To study the performance of parameter estimation, Fisher Information Matrix (FIM) is deduced. Consequently, the close form of CRLB is obtained
By inverse of FIM, CRLB of α can be written as
where SNR CA is defined as coherent accumulating echo signal to noise ratio for the range extending target, which means that the whole target echo energy spreading in range cells is collected exactly. It is quite different from the signal to noise ratio of a single point target. Therefore, the essence of angle maximum likelihood estimation in Eq. (13) is that all the scatters distributed in multiple range cells provide their contributions to angle estimation. More details can be found in Appendix B.
The CRLB of θ is
where the approximate conditions is θ λ πd . Based on the result of CRLB in this section, estimation accuracy curves under typical conditions can be plotted. Fig. 3 plots the standard deviation of angle estimation error under different phase center distances and different target angles. From Fig. 3 , the conclusion can be made as follows 
SIMULATION RESULTS
In this section, simulations are conducted to demonstrate the effectiveness and feasibility of the algorithm. The detail of simulation setup is as follows.
Monopulse antenna has two identical sub-antennas with 1 degree beamwidth, and the baseline of two sub-antennas is 10λ. The configuration of receiver is the same as in Fig. 1 . Relative amplitudes of Σ-channel and Δ-channel against target angle are shown in Fig. 4(a) . Therefore, S-curve and its linear approximation can be obtained, which is illustrated in Fig. 4(b) . The wide-band radar transmits short pulse with pulse width τ = 10 ns; therefore, the range resolution is 1.5 m. The spectrum spread is 100 MHz by the pulse modulation. The carrier frequency is f c = 10 GHz. RF signals of both the Σ-channel and Δ-channel are obtained by time-domain reconstruction. To simulate signal flow in a wide-band monopulse radar system, a digital orthogonal mixer, digital filters and data resampling are utilized to down convert RF signal to the baseband, for the implementation of algorithms. The sampling rate of IF signal is 200 MHz in both I-channel and Q-channel.
Simulation of the Multiple Point Scatters Target
Suppose that there is a target containing 13 scattering centers with equivalent weights. The target is located in the far-field of radar antenna. Thus, the angle glint effect is neglected. The target angle is 0.3 degree versus the axis of antenna. Geometry of both antennas of wide-band radar and scattering centers of target are illustrated in Fig. 5 . The echo signal can be obtained by the following equation
where m is the index of scattering centers, m = 1, 2, . . . , 13. A m is the reflective ratio for each center respectively, and the ratios are set to be equal, in this scenario. r m is the range of each scattering center from radar coordinate. The projection of scattering centers onto the radar line of sight can be used to calculate r m , which is illustrated by Fig. 5 . r ref is the reference range for simulation, and s(t) is thetransmitting signal of radar. Figure 6 displays the RF signals of both Σ-channel and Δ-channel. It is obvious to find that there are 6 echoes in range profile other than 13 centers in simulation setup displayed in Fig. 5 . Some of the scattering centers are located near each other, thus they cannot be resolved by the transmitting signal of radar, in other words, staying in the same range cell. The magnitudes of 6 echoes in the range profile in Fig. 6 are different from each other.
s H s is calculated manually before adding noise. The noise is generated with given SNR CA . In this simulation, the gap between SNR CA and SNR PEAK can be evaluated where SNR PEAK denotes the signal to noise ratio of the dominant scatter. The method to obtain Eq. (20) is to treat 6 echoes in Fig. 6 as single point scatter. Consequently, target angle is estimated by dominant scatter estimate method, weighted estimate method and maximum likelihood method, respectively. Equivalent weights are set up in Eq. (7). Monte-Carlo method is employed to obtain the root mean square error (RMSE) of angle estimation, in which the simulation is repeated over 10,000 times. Fig. 7 illustrates RMSE result and CRLB under the given SNR CA . It can be found that RMSE of maximum likelihood method is much smaller than both dominant scatter estimate method and weighted estimate method. With the increase of SNR CA , RMSE of maximum likelihood method trends to CRLB, asymptotically.
Electromagnetic Simulation of Range Extend Target
In this section, we simulate echoes of airplane using the electromagnetic scattering model, as described in Fig. 8 . The simulation setups are the same as Subsection 5.1. The target is much larger than the carrier wave length. Thus, to obtain time domain echo signal of the target will lead to huge computational burden. The physical optics (PO) method [13, 14] is very useful asymptotic technique to solve scattering problems at relatively high frequencies. With that assumption, scattered field can be found with the radiation integral over the illuminated surface of the target. Under that condition, target surfaces are modeled using triangular surface elements, and the shadowed facets are removed to find the illuminated surface. Consequently, the integral in PO method is converted to Radon transform, which consumes less time and memory. Thus, we use the PO method to calculate wide-band scatter characteristics of the target, which reserves the advantage of fast computing speed and low memory demand. Time domain echo signal of the target can be rebuilt by wide-band scatter characteristics as follows.
where s(t) is the wide-band signal transmit by radar, with the carrier frequency f 0 . H(f ) is the wideband scatter characteristics of the target, including the amplitude and phase information. B is the bandwidth of PO calculation, the center of which is f 0 . x(t) is the time domain echo signal of target. ' * ' denotes the convolution operator. Then, Fig. 9 displays the waveform and its envelope of microwave short pulse echo, which is quite different from the incident pulse waveform. The gap between SNR CA and SNR PEAK is not easy to obtain, in this scenario. Monte-Carlo method is also employed to obtain the RMSE of angle estimation, with 10,000 times repetition. Fig. 10 illustrates RMSE result and CRLB under the given SNR CA . It can also be found that RMSE of maximum likelihood method is much smaller than both dominant scatter estimate method and weighted estimate method. With the increase of SNRCA, RMSE of maximum likelihood method trends to CRLB, asymptotically. 
CONCLUSIONS
This paper focuses on angle estimation method for wide-band monopulse radar. In order to use echo signal energy effectively, we propose a maximum likelihood method for angle estimation of the target whose echo spreads in multiple range cells. Close form of CRLB is obtained, which suggests that coherent accumulation echo signal in range cells should be employed in estimation method. Simulation results verify the proposed method, and comparison of three kinds of estimation method shows that maximum likelihood method performs the best.
Angle glint effect has not been considered in the signal model. The mechanics of angle glint lie on the electromagnetic scatter in the near-field region of the radar. In theory, the information of angle collecting for multiple range cells should be much more creditable. Thus, angle glint suppression effect by the proposed method for wide-band monopulse radar will be researched in future work.
α is a real number, and solutions of quadratic Eq. (A3)
With simplification of Eq. (A5), we have
α 2 is unreasonable, which is ignored. Then maximum likelihood estimation of α and θ can be expressed asα
It is very easy to find thatα MLE is a real number indeed,
APPENDIX B. DERIVATION OF CRLB OF α
Lemma of block matrix inverse. Consider a matrix A: 
